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Bilinear multiplication

[ and g in F,[X] of degree m, compute f.g
©Q Choose Py, ..., Pypyq inF,
@ Evaluate f(P;)i—1.2m+1 and g(P;)i—1.2m+1
© Compute {f.g(Pi) = f(Pi)og(Pi)}i: 2m + 1 multiplications

© Lagrange's interpolation: recover f.g.
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Chudnovky®’s improvement

Before After
set: F

» curve X/p,

rational functions

fand gin F,[X]: polynomials fand gin £(D)

points points
evaluation on: | Py,... Py P, .. Popyeqi
in F, in X(F,)
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Small ger!r'a, small fields,
many thick points




the Graal

Let p prime and 2¢ > 4. Does there exist a family (X,/F,) _, of
curves defined over F, with genera g, such that:

Q g —

e gs+1/gs — 1 (denSity of (Xs)s)

@ |X,(F,2)| /g, — p' — 1 (Optimality over F2:) ?
5—00
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the Graal

Let p prime and 2¢ > 4. Does there exist a family (X,/F,) _, of
curves defined over F, with genera g, such that:

Q g —

e gs+1/gs — 1 (denSity of (Xs)s)

@ |X,(F,2)| /g, — p' — 1 (Optimality over F2:) ?
5—00

@ Classical modular curves Xy(N) ? MNot=2
@ Shimura curves Xy(N) ? /N2t >4 = defined over F,
© Garcia-Stichtenoth's towers F 7 Agsﬂ/gs ~ p*t
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Solution proposed

for p=3 and 2t=6

© Hard work: compute two towers of Shimura curves over Fso !

D XY B X () B X7 Bxo(1)
B X0(8%) B X(8Y) B Xo(8Y) B X(1)

@ Descend everything over F3.
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Solution proposed

for p=3 and 2t=6

© Hard work: compute two towers of Shimura curves over Fso !
Ja 3\ 3 2\ f2 1\ N1
5 X(8%) B X0(8%) B Xp(8Y) B Xo(1)

@ Descend everything over F3.
© Then for the density...

M. Rambaud — Shimura curves and Multiplication JC2 la Bresse Apr. 28, 2017

5/8



Flkies’ Trick

v e
<

Xo(74) = Xo(T*8Y) = Xo(T"8%) = Xo(78%) < Xo(7'8%) <
Xo(73) < Xo(7381) —— Xo(7382) < Xo(738%) ~—— Xo(738%) <
Xo(7%) ——— Xo(728%) < Xo(7282) < X(728%) < X, (728%) <~

Xo(7T1) < Xo(7'8Y) = Xo(7182) < Xo(7'8%) < Xo(7'8%) <
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Example: starting a tower

X&) =Elliptic,s (1) P Ph o (7) (2)1
les x l1 1ll/ sl
Xo(8') = Pg (7) Q @ (3)° @, (2)"
fllg \:l / 33l 1l24
Xo(1) = Pg R R Ry
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Example: ...and a recursion

X0(83) = X0(82) X X0(82)

w10f20u\12\> Xo(Sl) </f2

Xo(8")r, = P,
1+ 224+ 2+ 2+ (z+ 247y
f2($>y): 2
2+ 22+ 23 + 24 + a2y
wy: Xo(8%)p, > P— (1,2,1) = P
wyit€Py dt— —t
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